In order to simulate accurately the interaction of shock wave/complex flows, hybrid schemes combining the compact scheme and weighted essentially non-oscillatory(WENO) scheme are beneficial, especially the high order low diffusion schemes used in smooth regions. There are two key issues, one is how to detect the discontinuity, the other is how to choose the high order low diffusion scheme to ensure the accuracy, robustness and efficiency. In this paper, several high order schemes are combined with the fifth order WENO scheme by using the discontinuity detector proposed by Shen and Zha(Y. Shen, G.Zha, J. Compu. Phys., 2011, 230:4419-4436) and compared numerically.
Introduction
The numerical schemes for direct numerical simulation (DNS) and large eddy simulation (LES) of interaction of shock waves/complex flows need to resolve both shock waves and fine flow structures. Since weighted essentially non-oscillatory (WENO) schemes tend to have uniform higher order accuracy in smooth region and keep the essentially non-oscillatory properties up to the vicinity of shock waves, they are widely used in simulation of flows with discontinuities such as shock waves and contact surfaces [1] . However, even though the order of accuracy for WENO schemes can be designed to be arbitrarily high [2, 3] , the resolution of short waves of WENO schemes in smooth regions tends to be more diffusive than the central differencing schemes with an equivalent order of accuracy.
The most accurate method to simulate wave dominated problems is the spectral method [4] , but it is limited to simple geometries with generally periodic boundary conditions. Due to compact schemes' spectral-like resolution and their flexibility, compact schemes [5] have attracted a lot of attention and have been widely used for DNS and LES of turbulence flows [6, 7, 8, 9, 10, 11] . A drawback of compact schemes is that they will generate Gibbs-like oscillations around shock waves or large gradients.
In recent years, there are many efforts to make compact schemes possess shock-capturing capability. Cockburn and Shu [12] develop the nonlinear stable compact schemes using the TVDM(total variation diminishing in the means) property. The schemes require an implicit symmetric matrix and a reconstruction from the mean variable obtained by TVDM compact schemes. Ravichandran [13] improves this type of schemes with a class of the compact upwind schemes developed without the limitation of a symmetric matrix. Tu and Yuan [14] construct a fifth-order shock-capturing compact upwind scheme by using a characteristic-based flux splitting limited method.
Adams and Shariff [15] propose a hybrid compact-ENO scheme for shock-turbulence interaction problems. Following the same basic approach, Pirozzoli [16] derives a conservative hybrid compact-WENO scheme. Ren et al. [17] present a fifth-order conservative hybrid compact-WENO scheme for shock-capturing calculation, which is constructed through the weighted average of conservative compact scheme and WENO scheme. Zhou et al. [18] suggest a new family of high order compact upwind difference schemes, which are later made to have shock-capturing capability by combining them with WENO schemes.
Shen et al. [19] propose a finite compact scheme, which treats the discontinuity as the internal boundary and avoids the global dependence of the traditional compact schemes. Combined with the TVD of ENO limiters, a set of high resolution finite compact (FC) difference schemes with only bi-diagonal matrix inversion are constructed [19, 20] . Some of the above methods need to calculate the preliminary fluxes first by using a standard compact scheme [12, 13, 14, 15, 16] . This may result in contaminated (oscillatory) fluxes in the regions near discontinuities, and hence the compact fluxes will lose their high order accuracy in those regions. Some other methods using limiter functions will degrade the accuracy at extrema to first order [12, 13, 14, 19] . All the hybrid schemes [12, 15, 16, 17, 18, 19] introduce a free parameter to judge the flow gradient and to switch to the ENO/WENO schemes at discontinuities. Such parameters are usually problem dependent and hence lose their generality. The weighted compact nonlinear schemes proposed by Deng and Zhang [21] need to use more nodes than a standard compact scheme and hence lose the compactness. The same problem exists in the higher order extensions [2] of Deng and Zhang's method.
Artificial dissipation and compact filters are also introduced into compact schemes to help stabilize numerical solutions and reduce oscillations near discontinuities [11, 22, 23, 24, 25, 26, 27, 28] . Nonlinear characteristics-based(artificial compression method, ACM) filters is used to construct the low-dissipative high order shock-capturing scheme by Yee et al. [29] with a problem dependent parameter introduced. A WENO-type smoothness estimator is used in [30] as a sensor to switch between the high-order compact spatial filters and the ACM filters, for which a threshold parameter for the sensor is also needed.
For the WENO schemes first proposed by Liu et al. [31] and improved by Jiang and Shu [32] , a small difference between the smoothness estimators can reduce the numerical accuracy. A function to decrease the weights sensitivity to the smoothness estimators variation is suggested by Shen and Zha [33] to improve the WENO scheme accuracy. In addition, when it is applied to practical flows, the original value of the parameter ε used to construct the weight functions will generate oscillatory weights, which result in convergence and accuracy problems. An optimized ε value of 10 −2 is suggested by Shen et al. [34] to improve convergence and accuracy. On the other hand, Henrick et al. [35] point out that the original smoothness indicators of Jiang and Shu fail to improve the accuracy order of a WENO scheme at critical points, where the first derivatives are zero. A mapping function is proposed by Henrick et al. [35] to obtain the optimal order near critical points. Recently, Borges et al. [36] suggest to use the whole 5-points stencil to devise a smoothness indicator of higher order than the classical smoothness indicator proposed by Jiang and Shu [32] . Shen and Zha [37] apply these smoothness estimators to improve accuracy at transition points of a discontinuity.
Based on the results of Borges et al. [36] , Shen and Zha [38] propose a lemma without introducing any free parameters to detect shock regions and develop a class of generalized finite compact difference schemes by using the lemma. In this paper, the high order low diffusion schemes, including the fourth order central scheme, the fifth order upstream central scheme, the fifth order upwind compact scheme, and the sixth order Pade scheme, are combined with the fifth order WENO scheme by using the lemma, and their performances are compared numerically.
The Numerical Algorithm
For the hyperbolic conservation law in the form
the flux function f (u) can be split into two parts as f (u) = f + (u) + f − (u) with df + (u)/du ≥ 0 and df − (u)/du ≤ 0. The semi-discretization form of (1) can be written as
where the numerical flux is h i+1/2 = h + i+1/2 +h − i+1/2 . In this paper, only the positive part h + i+1/2 is described and the superscript ′′ + ′′ is dropped for simplicity. The h − i+1/2 is evaluated following the symmetric rule about x i+1/2 .
Weighted essentially non-oscillatory(WENO) Scheme
The flux h i+ 1 2 of the classical fifth-order WENO scheme [32, 36] is built through the convex combination of interpolated valuesf k (x i+ 1 2 )(k = 0, 1, 2), in whichf k (x) is the third degree interpolation polynomial on
wheref
The weights ω k are defined as
The smoothness indicators β k are given as [32] 
Taylor expansion of (6) gives
Henrick et al. [35] indicate that if
, where D is some non-zero quantity independent of k. And the necessary and sufficient conditions for fifth-order convergence in (2) are given as [35] : 
where
f ′′′ j are the coefficients of the Taylor series expansions of
is the fifth order upstream central scheme.
A sufficient condition for fifth-order of convergence is given by [36] :
If f ′ i = 0, Eq. (7) gives
, this will degrade the convergence accuracy of the scheme. Shen et al [39] propose a step-by-step reconstruction method, in which two 4th order weighted fluxes obtained from 3rd ENO fluxes are used to construct 5th order WENO scheme. Henrick et al. [35] propose a mapping function to make the accuracy of ω k closer to that of the ideal weights d k .
Borges et al. [36] introduce the absolute difference between β 0 and β 2 to devise a new set of WENO weights that satisfies the necessary and sufficient conditions of fifth-order convergence. The new smoothness indicators β z k defined by Borges et al. [36] are
and the new WENO weights ω z k are
The coefficients c kj and d k are list in Table 1 . The parameter ε is used to avoid the division by zero (ε = 10 −6 is used in [32] and ε = 10 −40 is used in [36] ), p in (5) and q in (13) are chosen to increase the difference of scales of distinct weights at non-smooth parts of the solution. As pointed out by Borges et al. [36] , for a smooth function, increasing the value of q in Eq. (13) decreases the correction of the WENO-Z weights to the ideal weights d k , making the scheme closer to the optimal central scheme; on the other hand, increasing q also decreases the relative importance of the discontinuous substencil and makes the scheme more dissipative. In this paper, q = 1 is used.
The important properties of τ 5 and the lemma of discontinuity detection
Taylor series expansions of β k , Eq. (7), at x i are
From Eqs. (14) and (15), it is easy to find that
In fact, it can be proved that β 0 and β 2 have the same even order terms. And τ 5 is at least one order higher than
, and so on. A k and B here are constants independent of ∆x.
For completeness, the important properties of τ 5 [36] are listed below:
(2) if the solution is continuous at some of the stencil S 3 k , but discontinuous in the whole stencil S 5 , then for the smooth stencils, β k << τ 5 .
Following the above properties, Shen and Zha give the following lemma as the discontinuity detector [38] :
, then S 5 is a non-smooth stencil, which includes the function discontinuities and derivative discontinuities up to order n provided all the derivatives lower than order n are zero.
For example, if f ′ = 0, f ′′ = 0, then n = 2; if f ′ = 0, f ′′ = 0, and f ′′′ = 0, n = 3.
The High Order Low Diffusion Hybrid Schemes
In [38] , a generalized finite compact difference is suggested by Shen and Zha as the following:
(1) A zone containing a discontinuity is detected by using Lemma 1, and the fluxes within this zone including at the zone boundaries are calculated by a WENO scheme.
(2) those smooth point(s) between two zones containing discontinuities(or between boundary point and discontinuous interface)are defined as a compact stencil, and a compact scheme is used to calculate the numerical fluxes on the compact stencil.
In this paper, the above algorithm is generalized by using different high order schemes to substitute the compact scheme used in step (2) . The high order schemes compared in this paper include the fourth order central difference scheme, the fifth order upstream difference scheme, the fifth order upwind compact scheme and the sixth order Pade scheme.
Note: in step (2), the fluxes on the discontinuity zones obtained from step (1) are automatically used as the internal boundary fluxes. 
Procedure of the High Order Low Diffusion Hybrid Schemes

BEGIN
Step 0. calculate h 1/2 and h N +1/2 using boundary formula
Step 1. M=1 ! looking for starting and ending points for smooth region using Lemma 1 start point(M)=1 ! smooth region starting point
calculate h i+1/2 using WENO scheme: 
where, i =start point(k), · · ·, end point(k)-1.
END DO
END
In step 2, four different high order schemes controlled by the coefficients of α, β, γ and formulation d i+1/2 are used,
(1) The fourth order central difference scheme
and
(2) The fifth order upstream difference scheme
(3) The 5th-order upwind compact scheme
(4) The 6th-order Pade compact scheme
For the 5th-order upstream difference scheme and the 5th-order upwind compact scheme, where the numerical flux is h i+1/2 = h (−2f
Numerical Examples
For the examples of sections 3.1-3.5, the 4th order Runge-Kutta-type method [40] is used for the time marching of the governing equations.
Linear transport equation
The linear transport equation is used to test the accuracy of the new scheme. Table 2 gives the error and accuracy. It can be seen that every scheme obtains its expected accuracy. This shows the discontinuity detector does not affect the accuracy of the smooth solution.
(2) Fig. 2 shows the numerical solutions at t = 8 with 200 grid points. It can be seen that the 5th-order upwind compact scheme is nearly as good as the 6th-order Pade scheme, and the 4th-order central scheme deviates slightly from the exact solution at two extremum points.
Same as in Ref. [32] , the constants for this case are taken as a = 0.5, z = −0.7, δ = 0.005, α = 10, and β = log2/36δ 2 . The solution contains a smooth combination of Gaussians, a square wave, a sharp triangle wave, and a half ellipse.
The results at t = 8 with 200 grid points are shown in Figs. 3 and 4 . It can be seen that, the 6th-order Pade scheme resolve the Gaussians, the square wave and the triangle wave best, but it overshoots at the extremum point of the ellipse wave. The 5th-order upwind compact scheme is more accurate than the 5th-order upstream central scheme, and the latter is better than the 4th-order central scheme.
Nonlinear transport equation
The nonlinear transport equation is used as the fourth test case and can be written as
u(x, 0) = 0.3 + 0.7sinx, 0 ≤ x ≤ 2π, with a periodic boundary condition
The Lax-Friedrichs splitting method is used, in which f ± (u) = 1 2 (f (u) ± au) and a = max u |f ′ (u)|. Fig.  5 shows the results at t = 2 with the grid number of N = 80. For this case, there is indistinguishable difference between all the schemes tested in this paper.
Viscous Burgers equation
The viscous Burgers equation is the fifth test case, and is written as
The steady state solution of Eq. (33) with boundary condition (34) is u(x) = tanh(−xRe/2). At x = 0, the shock is formed with a large Re number. In our computation, a = −1, b = 1 and Re = 1000 are used. The results are shown in Fig. 6 . For this case, the iteration steps and the final solutions are exactly the same for all the tested schemes.
1D Shock Wave Tube, Shu-Osher Problem
This problem is governed by the one-dimensional Euler equations with following initial condition:
(ρ, u, p) = (3.857143, 2.629369, 10.3333), when x < −4,
where, ε = 0.2. This case represents a Mach 3 shock wave interacting with a sine entropy wave [41] . The Steger-Warming flux vector splitting method [42] is used to calculate the interface fluxes. The results at time t = 1.8 with mesh size of 300 are plotted in Fig. 7 . The "exact" solutions are the numerical solutions of the original WENO-Z scheme with grid points of N = 4000. It can be seen that, 6-Pade scheme obtains highest maximum and lowest minimum, 5-upwind scheme is the next one. This cases shows, for the complex smooth solution, higher order scheme can obtain more accurate solution.
Two-dimensional Shock/Shear Layer Interaction
A two-dimensional shock/shear layer interaction problem is solved to demonstrate these schemes for multidimensional flows. The two-dimensional Navier-Stokes equations are solved for this problem:
where τ xx = µ( Fluctuations are added to the v-component of velocity of the inflow as
with period T = λ/u c , wavelength λ = 30, convective velocity u c = 2.68, b = 10, a 1 = a 2 = 0.05, φ 1 = 0 and φ 2 = π/2.
The Prandtl number is set to 0.72, and the Reynolds number is chosen to be 500. The viscosity µ is calculated by using Sutherland formula. The 4th-order central difference scheme [43] is used for the viscous terms. The uniform grid, 321 × 81, is used. The time step is taken as follows [16] :
where δ = 0.5 is the CFL number.
The Steger-Warming flux vector splitting method [42] is used to calculate the interface fluxes. The density contours are shown in Fig. 8 . It can be seen that all the schemes resolve the shock wave and vortex structures very well. The 6th-order Pade scheme gives the most clear vortex structures.
Transonic Converging-Diverging Nozzle
In order to compare the behavior of different schemes for the applications, the Roe's flux difference scheme [44] is used as the Riemann solver with the reconstruction of different schemes. The unfactored implicit Gauss-Seidel line relaxation method [45] is adopted for the time marching.
First, the steady transonic flow of a converging-diverging nozzle is calculated. The nozzle was designed and tested at NASA and was named as Nozzle A1 [46] and is symmetric about the centerline. Hence only the upper half of nozzle is computed. The mesh size is 175 × 50. The grid is clustered near the wall. The inlet Mach number is 0.22. This case is calculated as inviscid flow. Fig. 9 is the computed pressure contour, which shows that two shocks emanating from the walls downstream of the throat, interacting each other and reflecting on the walls. From the convergence histories shown in Fig. 10 , it can be seen that the rank of schemes is 5-upstream, 4-central, 5-upwind, and 6-Pade. Fig. 11 shows the pressure coefficients at the upper wall. It is observed that all four schemes generate a slight oscillation in the region behind the reflected shocks. The convergence may be affected by this oscillation.
Transonic RAE2822 Airfoil
The transonic RAE2822 airfoil is the second example of the steady flow. For this case, the Reynolds averaged Navier-Stokes equation with the Baldwin-Lomax turbulent model are solved. The computational region is divided into two blocks, and the mesh size of 128 × 55 is used for each block, the freestream Mach number M ∞ is 0.729, the Reynolds number based on chord length is 6.5 × 10 6 , and the angle of attack is 2.31 o . Fig. 12 is the pressure contours calculated by 6-Pade scheme, it shows the shock wave captured well. Fig. 13 gives the comparison of convergence histories. Again, the rank is still 5-upstream, 4-central, 5-upwind, and 6-Pade. Fig. 14 shows that there is few difference on the pressure coefficients at the airfoil surface.
Conclusions
In this paper, several high order schemes are combined with the fifth weighted essentially nonoscillatory(WENO) by using the discontinuity detector proposed by Shen and Zha [38] . Numerical examples show that
(1) The parameter-free discontinuity detector is effective for constructing the high order hybrid schemes.
(2) For a complex smooth solution, the higher order scheme can obtain more accurate solution. At a same stencil, the highest order scheme is the compact scheme. For example,the optimal scheme is the 6th-order Pade scheme if a five-points stencil is used.
(3) For a simple steady flow, the difference between different schemes can be neglected. But for convergence, the upwind biased scheme is prior to the central scheme. For example, the 5th-order upstream scheme is better than the 4th-order central scheme, the 5th-order upwind compact scheme is better than the 6th-order Pade scheme. 
